We study and generalize some arithmetical properties of the classes (2 k +) and (2 k −) introduced by V. I. Arnold: a number n belongs to the class (N +) if N |ϕ(n) and 2 ϕ(n) N ≡ 1 mod n where ϕ(n) is the Euler function, and belongs to the class (M −) if M |ϕ(n) and 2 ϕ(n) M ≡ −1 mod n. The classes (2±), (4±) and (8±) are studied by V. I. Arnold in [1, 2] and here we will show general properties of the classes (2 k ±) and we will see that the properties which proved by V. I. Arnold are special cases of ours.
Introduction
One of the most important theorems in number theory and theory of finite groups is Fermat's little theorem (a p−1 ≡ 1 mod p, where p is prime and a ≡ 0 mod p is an integer) and its Euler's generalization (a ϕ(n) ≡ 1 mod n, where a and n are coprime integers). They are also some of the most important applications of the dynamical system theory. The Fermat-Euler dynamical system is an example of the connection between dynamical systems and number theory in which we try to use the properties of the dynamical systems to generalize or get new properties in number theory.
Definition:
The Abelian multiplicative group of residues coprime to n is called the Euler group Γ(n), and the Euler function ϕ(n) is its order.
The Euler function is calculated as follows:
ϕ ( Definition: A Fermat-Euler dynamical system is a dynamical system with the ring of residues modulo n as its set and the function f (x) = ax, where (a, n) = 1, as its function.
In what follows, we consider the case in which a = 2 and n is odd. In [1] , V. I. Arnold has proved the following theorem which is a generalization of Euler's Theorem, by using the Fermat-Euler dynamical system. Theorem A [1] . All cycles of the Fermat-Euler permutation have the same length (period) T . Therefore, the period and the number N = N(n) of cycles satisfy the relation ϕ(n) = NT and a ϕ(n)/N ≡ 1 mod n.
This theorem was the starting point of defining and studying new classes of numbers called (N±).
Definition: An odd number n belongs to the class (N+) if N|ϕ(n) and 2 ϕ(n)/N ≡ +1 mod n, and belongs to the class (M−) if M|ϕ(n) and 2 ϕ(n)/M ≡ −1 mod n.
The following properties directly follow from the definition 1. If K | N, then (N+) ⊆ (K+).
2. If M is odd, then (M−) is empty.
The proof of these properties can be found in [1] .
In [1] , V. I. Arnold calculated for each odd integer 1 < n < 512 its classes (N+) and (M−) with maximal values of N and M as well as the values of its minimal period T (n) and the Euler function ϕ(n). From these calculations he observed and proved some properties of the classes (2±), (4±) and (8±). In this work we give and prove general properties of the classes (2 k +) and
, where k is a positive integer, and show that the properties which are proved in [1, 2] by V. I. Arnold are special cases of the generalized properties.
In [2] , V. I. Arnold proved by induction that if n is divisible by more than k distinct primes, then n ∈ (2 k +). We will give here another proof and we will answer the following question.
Question: When does n belong to (2 k +) or (2 k −) if n has exactly k or k − 1 distinct prime divisors, and when does it not?
In section 2, we prove the following theorems which give the complete answer to this question. Theorem 1. Let n be an odd integer and have exactly k ≥ 2 distinct prime divisors.
• If n = p
j with p i ≡ 3 mod 8 for all i, and
i with p i ≡ 3 or − 1 mod 8, and q ≡ −3 mod 8, then again n / ∈ (2 k +) ∪ (2 k −).
• If n is not in the previous three cases, then n ∈ (2 k +).
Theorem 2. Let n be an odd integer and have exactly k − 1 ≥ 2 distinct prime divisors.
• If k = 3 and n = p
j with p i ≡ −3 mod 8 for all i, q j ≡ −1 or 3 mod 8 for all j, and 0 ≤ r ≤ 2, then n / ∈ (2 k +) ∪ (2 k −).
• n = p
In section 3 we will see the cases k = 2 and k = 3 as an example and how the theorems in section 2 describe the classes (4±) and (8±). Also we will compare between our results and the results which are proven by V. I. Arnold in [1, 2] .
The classes (2
We will use the following propositions in our proofs, which can be found in any elementary book of Number Theory, for example in [3] . Proposition 1. If x ≡ a mod A and x ≡ a mod B, then x ≡ a mod C, where C is the least common multiple of A and B.
Proposition 2. Let p be an odd prime, then
This proposition can be easily obtained from Euler's criterion (a
) is the Legendre symbol). Indeed, since we know that
we can write 2 p−1 2 = ±1 + Ap for some integer A. Hence, using binomial formula, we can easily get
The following theorem is proved in [2] by induction, we give here a direct proof using Proposition 2.
Theorem 2.1. Every odd number which is divisible by more than k different primes belongs to the class (2 k +).
Proof. Let n be an odd number which is divisible by exactly r different primes with 0 < k < r, then we can write n as n = AB where
Thus, using Proposition 1, we get 2
where A and B are relatively prime; therefore,
Theorem 2.1 and Proposition 2 give us, in particular, a complete description of the classes (2±), i.e. the case k = 1, as follows.
• Every odd number which is divisible by more than one prime belongs to the class (2+).
• If n = p a with p ≡ ±1 mod 8, then n ∈ (2+).
• If n = p a with p ≡ ±3 mod 8, then n ∈ (2−).
Now the question is, what will happen in the case when n has exactly k distinct prime divisors? In Theorems 2.2-2.6 we study this case and show precisely when n belongs to the class (2 k +), to the class (2 k −), and when n belongs to neither of them.
i has at least one prime divisor congruent to 1 modulo 8, then n ∈ (2 k +).
Proof. WLOG, we assume that p 1 ≡ 1 mod 8 and n = p
i , and since p 1 ≡ 1 mod 8, it follows that
is even, so
is even. Thus,
Now assume that n has no prime divisors congruent to 1 modulo 8. In Theorems 2.3, and 2.4, we deal with the case when all the prime divisors of n have the same residue (except 1) modulo 8.
Proof. Case 1. Let p i ≡ −1 mod 8 for all i, then by Proposition 2 we have 2
i , and ϕ(p a i i )/2 is even, for all i. Indeed, let p i = 5 + r i 8 for some integer r i , then
Proof. Since p i ≡ 3 mod 8 for all i, it follows from Proposition 2 that 2
i , and ϕ(p a i i )/2 is odd, for all i. Indeed, let p i = 3 + r i 8 for some integer r i , then
In the next two theorems, n has no prime divisor p ≡ 1 mod 8 and has at least two prime divisors p and q with different residues modulo 8.
Proof. Note that ϕ(p a i i )/2 is odd. Indeed, p i ≡ 3 or −1 mod 8 means that p i ≡ 3 mod 4, so we can write p i = 3 + 4s i for some integer s i ; therefore,
) is odd.
On the other hand, ϕ(q b j j )/2 is even. Indeed, q j ≡ −3 mod 8 means that q j ≡ 1 mod 4, and we can write q j = 1 + 4s j for some integer s j ; therefore,
) is even.
So we have
i with p i ≡ 3 or −1 mod 8, and q ≡ −3 mod 8, then
i and modulo q b . But this contradicts our calculations, so n /
Case 2. Let 0 < r < k − 1 and n = r i=1 p
Note that if r in Theorem 2.5 was equal to zero, then we would have Theorem 2.3. So the last possibility is that r is equal to k, which we investigate in the following theorem.
Theorem 2.6. Let n = p
Proof. Both ϕ(p a i i )/2 and ϕ(q b j j )/2 are odd, because p i ≡ q j ≡ 3 mod 4, and so
is odd. On the other hand,
j , which contradicts both 2 ϕ(n)/2 k ≡ +1 mod n and 2
Note that Theorems 2.2, 2.3, 2.4, 2.5, and 2.6 cover all possible cases of n with k ≥ 2 different prime divisors, and so Theorem 1 in the introduction is proved.
So the case when n has exactly k prime divisors is completely described. What can we say about the case when n has exactly k − 1 prime divisors? Does n belong or not belong to the classes (2 k +) or (2 k −) in this case? Theorems 2.7, 2.8, 2.9, and 2.10 give a complete answer to this question.
From here on, we consider the case
In Theorems 2.7, and 2.8, we study the case in which n has at least one prime divisor congruent to 1 modulo 8. In Theorem 2.7, we assume that n has another prime divisor congruent to either 1 or −3 modulo 8, and in Theorem 2.8, we assume that all prime divisors but one, which is congruent to 1 as we already mentioned, are congruent to 1 or −3 modulo 8.
Theorem 2.7. If n has at least two prime divisors, say p 1 and p 2 , with p 1 ≡ 1 mod 8 and p 2 ≡ 1 or −3 mod 8, then n ∈ (2 k +).
Proof. Let n = p is an integer (since p 2 ≡ 1 or −3 mod 8 means that p 2 − 1 is divisible by 4), we have
is even (8|p 1 − 1), we have
Thus, 2
The following lemma give us an important property of the primes in the classes (4+) and (4−), which we need in the proof of Theorem 2.8. Proof. First, if p a ∈ (4+) ∪ (4−), then p ≡ 1 mod 8, is already proved in [1] . Conversely, if p ≡ 1 mod 8, then 2
Which means that 2
Then p a ∈ (4+) ∪ (4−). 
is even, we have
is odd for all i = 2, . . . , k − 1, only ϕ(p a 1 1 ) can be divisible by 4. Since p a ∈ (4+) ∪ (4−) if and only if p ≡ 1 mod 8, as we proved in Lemma 1, we have p 1 ∈ (4+) or ∈ (4−).
So now we have 2
Remark: Since p ≡ 1 mod 8 is equivalent to p ∈ (4+) ∪ (4−), we can reformulate Theorems 2.7 and 2.8 as follows.
• If n has at least one prime divisor p ∈ (4+), then n ∈ (2 k +).
• If n has at least two prime divisors p 1 and p 2 with p 1 ∈ (4−) and p 2 ≡ 1 or −3 mod 8, then n ∈ (2 k +).
• If n has one prime divisor p 1 with p 1 ∈ (4−) and all the other prime divisors
finally, in Theorems 2.9 and 2.10 we consider the case in which n has no prime divisor congruent to 1 modulo 8.
Proof. Since p i ≡ −3 mod 8, it follows that 2
i for all i, and then 2
, and 2
j with 0 ≤ r < k − 1, p i ≡ −3 mod 8 for all i, and q j ≡ −1 or 3 mod 8 for all j, then
Proof. Now we have that ϕ(p 
is even and
is odd. Moreover, ϕ(q b j j )/2 is odd. Indeed, q j ≡ −1 or 3 mod 8 means that q j ≡ 3 mod 4 for all j, so
is odd, and therefore
is odd. On the other hand, 
is divisible by 4.
is an odd integer. But
is odd, which implies that 2
2 ) 4
On the other hand,
is even. j for all i and j. Thus, 2 ϕ(n) 2 k ≡ +1 mod n, or n ∈ (2 k +). 2
We can easily see that Theorems 2.7, 2.8, 2.9, and 2.10 cover all possible cases of n with k − 1 ≥ 2 different prime divisors. Therefore, the proof of Theorem 2 in the introduction is complete.
Remark: Using our theorems, it is easy to check whether n ∈ (2 k +), n ∈ (2 k −), or n / ∈ (2 k +) ∪ (2 k −), in case when n has k − 1 or more distinct prime divisors. If n has less than k − 1 distinct prime divisors, then we can easily see that n / ∈ (2 k +) ∪ (2 k −), if n = r i=1 p a i i , with 0 < r < k − 1 and p i ≡ −1 or 3 mod 8 for all i, because in this case 2 k |ϕ(n).
The classes (2±), (4±) and (8±)
The classes (2±) or the case k = 1 is completely described in section 2. Now let us study the case k = 2 or the classes (4±).
The following properties are proved in [1] , and we will see that, they can be obtained as special cases of the theorems in section 2.
P1. Every odd number, divisible by more than two primes, belongs to the class (4+).
The following 5 properties describe the case in which n is divisible by two different primes p, q.
P2. If p ≡ +1 mod 8, then n ∈ (4+).
P3. If p ≡ q ≡ −1 mod 8 or p ≡ q ≡ −3 mod 8, then n ∈ (4+).
P4. If p ≡ q ≡ +3 mod 8, then n ∈ (4−).
P5. If p ≡ +3 mod 8, q ≡ −1 or − 3 mod 8, then n / ∈ (4+) ∪ (4−).
P6. If p ≡ −3 mod 8, q ≡ −1 mod 8, then n / ∈ (4+) ∪ (4−).
The following property considers the case in which n has only one prime divisor.
P7. If n = p a belongs to the class (4+) ∪ (4−), then p ≡ 1 mod 8.
The following two properties consider every odd number n.
P8. If n ≡ 5 mod 8, then n does not belong to the class (4−).
